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Abstract 

This paper is one of the series which attempts to provide the reader with some prac:ticnl 
recommendations on how to design a fuzzy control system and how to choose its structure and 
parameters. Attention is mainly given to practical design problems but not to the development of 
mathematical theory of the design. This paper contains analysis results of different membership 
functions and tends to give a user simple recommendations regarding their choice. Consideration 
of different functions is conducted on the base of the parameter of the whole overlap. Membership 
function choice for some control systems including a drone boat control system and a potDer 
system stabiliser are examined as the CASE studies. 

1 Introduction 
Since E.H.Mamdani and S.Assilian developed a fuzzy 
controller for a steam engine in 1974 [3] many suc-
cessful applications have been reported. A signifi-
cant number of papers devoted to the development of 
a mathematical theory of a fuzzy control have been 
published. Nowadays some software instruments as-
sisting in design of fuzzy controllers have appeared. 
However the literature contains virtually no method 
for direct synthesis of a fuzzy controller. The design 
of fuzzy controllers is only based on designer's expe-
rience that undoubtfully decreases the number of po-
tential applications and quality of fuzzy controllers. 
That is why development of a fuzzy controller design 
theory and technology is particularly important. 

This paper attempts to provide a reader with some 
practical recommendations on how to design a fuzzy 
control system and how to choose its structure and 
parameters. Consideration· is mainly given not to the 
development of a mathematical theory of the design 
but to practical design problems. 

Figure 1: Operation of a fuzzy controller 

Figure 1 illustrates a typical operation of a fuzzy 
controller according to this classical scheme. The de-
sign process includes the following steps [6]: 

1. Define input and control variables, that is 
determine which states of the process shall 
be observed and which control actions are to 
be considered. 

2. Define the condition interface, that is fix the 
way in which observations of the process are 
expressed as fuzzy sets. 

3. Design the rule base, that is determine 
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which rules are to be applied under which 
conditions. 

4. Design the computational unit, that is, sup-
ply algorithms to perform fuzzy computa-
tions. Those will generally lead to fuzzy out-
puts. 

5. Determine rules according to which fuzzy 
control statements can be transformed into 
crisp control actions. 

The first problem is a usual step in design of any 
controller. The specific of a fuzzy controller is that 
the speed of change as well as the control variable 
itself are often used as inputs for a fuzzy controller. 

Much work has been done on solving the third prob-
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lem. Usually the fuzzy control rules are generated by 
one of the following four methods [5]: 

1. translating an operator's experience into 
fuzzy linguistic directly; 

2. monitoring and summarising a control be-
haviour of the operators; 

3. modelling the process to be controlled using 
a fuzzy set theory; 

4. self organising in running the control sys-
tems. 

The fourth step has got a solid fundamental ground 
of the fuzzy sets theory and there exist some well es-
tablished methods to determine a crisp output for a 
fuzzy controller. The most frequently used ones are 
the so called means of maximum and centroid meth-
ods. The means of the maximum method simply takes 
the average of all points where the result member-
ship function achieves the maximum. The centroid 
method determines the output as the average posi-
tion according to the formula: 

. f~oo xp(x)dx 
centrmd = Joo ( ) 

_
00

/J X dx 
(1) 

where p(:c) is the membership ft,mction for variable :c. 
It can be seen that a choice of membership func-

tions stays as the most undeveloped problem. More-
over software tools propose some different ways to de-
fine membership functions but give no or in the best 
case very general recommendations on how to select 
the membership function shape and width. Such a 
situation is due to the shortage of research results 
in the ·area of fuzzification methods and membership 
function selection. 

This paper tends to analyse different membership 
functions and their influence on the fuzzy controller 
characteristics and then supply a user with some rec-
ommendations on a choice of membership functions. 

The choice of membership function usually includes 
the shape selection and the width determination. 
Nowadays knowledge of this kind of problems is lim-
ited within the borders based on the common sense 
although some theoretical [2] and practical [1] recom-
mendations have already been made. In this paper a 
general approach has been taken to choose the mem-
bership function width based on the whole overlap 
(WO) and to determine the degree in which other 
membership function parameters influence a fuzzy 
controller performance. 

2 The evaluation of the 
membership function width 

The first step in the membership function width selec-
tion should be the choice of a parameter to evaluate it. 
The absolute value of the width is not proper for this 
goal as it does not compare the width of the separate 
membership functions with the number of classes and 
the universe of discourse. S. Marsh [1] has proposed 
two indices which meet this requirement: the overlap 
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MF Formula 
Linear JJ(:c) = 1- abs("'7~) 

Exponential p(x) = e:cp[-("'7~)~] 
Quadratic J.l.(:r:) = max[0,1- ("'7mf] 
MF Whole Overlap Ratio 
Linear ' 1 

(1-~), 
Exponential F(.../2· ma-mt.) 1 

Quadratic s- ... ., ..... +Hm'& ... ' t 
'+m2;;.m1 -!{~)5 

Table 1: Some usual membership functions and eval-
uation formulas 

ratio and the overlap robustness. These indices eval-
uate the width of membership functions through the 
overlap of two adjacent functions. The idea is very 
fruitful because it allows to compare the scope of the 
separate membership function with the universe of 
discourse and the number of the classes. 

S. Marsh considered only linear membership func-
tions and these indices worked very well in that case. 
Their disadvantage is that although they can be easily 
calculated for membership functions with ijmited dis
course area they cannot be found for functions with 
the infinite discourse area, eg. the exponential (Gaus-
sian) membership function. Moreover the first index 
does not depend on the membership function shape 
at all and the second one depends on the shape in the 
overlap area only. 

For these reasons the index of the whole overlap 
(WO) has been proposed: 

f~oo M IN(JJt (:c), JJ2(:c ))d:c 
WO= oo (2) 

f_ 00 M AX(JJt (:c), J1.2(:c ))d:c 

where J.l.t(z) and J.l2(:c) are two adjacent membership 
functions. 

The evaluation formulas for this index and some 
usual membership functions are given in Table 1, 
where F(:c) = k f~oo e:cp(-;2 )du in Table 1 is the 
cumulative standard normal distribution function. 

We can see that the index of the whole overlap 
(WO) can be easily calculated in the cases of mem-
bership functions with the unlimited discourse area 
as well as in the cases of simple functions with the 
limited area. The complete information about the 
width of membership function comparing it with the 
number of classes and the area of discourse is also 
given. 

3 Systems simulated in the 
study 

The choice of the shape and the scope of member-
ship function has been studied by the simulation of 
different control systems. The simulation has been 
made with MATRIXx REAL-TIME FUZZY LOGIC 
software package. This study has been conducted on 
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the basis of some classical examples. The first one is 
a control servo system which keeps a constant tem-
perature for a conventional water heater tank. The 
water heater basically consists of five outputs: the 
temperature error, and four other states relating to 
the water level of the tank itself. Initially only the 
temperature was examined. If the temperature is too 
high, then the amount of heat necessary is less than 
the current amount. If it is too low, then more heat is 
necessary. The fuzzy controller has been used to con-
trol this plant. Another control example is the fuzzy 
controller to control a second-order plant. 

These controllers represent rather simple examples. 
The more complicated case is presented by the prob-
lem of a control development for a drone boat move-
ment. The control system must keep this boat within 
the borders of a rather narrow ribbon in presence of 
different disturbances with a large magnitude. The 
structure of the control system includes 4 fuzzy con-
trollers: 3 main controllers {Figure 2) and 1 controller 
acting as a switch. Three have got two inputs ( one of 
them is the speed of the boat movement), the other 
has a single input. Other inputs are presented by the 
boat position and the boat heading angle. The output 
is the necessary angle change. 

4 The study of the choice of 
membership function width 
and its influence on control 
system characteristics 

A clearer picture is given by the results obtained 
from the simulation of low order systems. Typical 
responses for a heat fuzzy controller with the expo-
nential membership functions of different widths are 
shown in Figure 3 and Figure 4, and a step response 
for a second order system fuzzy controller with linear 
membership functions is shown in Figure 5. Narrow-
ing membership functions makes a proper fuzzy con-
troller more sensitive to the input deviation. It in-
creases oscillation and overshoot, produces the larger 
settling time. When a very narrow membership func-
tion is used, the system becomes unstable {Figure 6). 
The transformation point to the unstable system de-
termines the obvious low limit for a membership func-
tion width. It should be chosen much larger than this 
border because wider functions improve the system 
stability and create the stability margins. 

4.1 The choice of membership 
function in the presence of noise 

The statements made above are valid in noise condi-
tion as well because the fuzzy controller with wider 
membership functions has got more integration fea-
tures. The unit step response for the second order 
system with white noise source included (Figure 6) 
gives us a good illustration. In the case of exponen-
tial membership functions the fuzzy controller with 
wider functions suppresses noise better but demon-
strates larger response time. 
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In the case of a complex control system the picture 
is not so clear because a lot of factors compete with 
each other. Here (Figure 7 represents the boat tra-
jectory for the drone boat control system) narrower 
function increases the sensitivity of the controller to 
the disturbance. It decreases the position error at 
the beginning of the track-line because the controller 
works out the disturbance faster but sometimes due 
to the disturbance characteristics it can cause a larger 
position error. This figure illustrates the degree in 
which a control quality depends on the membership 
functions overlap. 

4.2 Influence of the defuzzification 
method 

The simulation study has been conducted under two 
defuzzification methods: means of maximum and cen-
troid. It has produced rather similar results for both 
methods. However, it has been observed that un-
der centroid defuzzification method wider member-
ship functions can make the system unstable. On 
the other hand under this method the system demon-
strates smaller oscillation and response time when it 
is stable. 

4.3 Influence of the membership 
function shape 

The study shows that changing the shape of the mem-
bership function but keeping the overlap the same 
does not influence the system characteristics signifi-
cantly. Anyway the current study does not allow to 
make general conclusion on the choice of the mem-
bership function shape. But in some cases using ex-
ponential and special membership functions improves 
the performance of the fuzzy controller in comparison 
with linear functions. 

5 Case study: optimisation of 
a fuzzy controller used as a 
power system stabiliser 

One of the most important power system stability 
problem is the low-frequency oscillations of the inter-
connected electric power systems. The oscillations 
may be sustained for minutes and grow to cause sys-
tem separation, if no adequate damping is available. 
The application of the state-of-the-art power system 
stabiliser (PSS) for improving stability has received 
much attention. The most widely used conventional 
PSS is the lead-lag compensator where the gain set-
tings are fixed and determined for a particular oper-
ating condition. This means that conventional PSS 
can provide optimal performance only for that par-
ticular operating point. Since the operating point of 
a power system drifts as a result of continuous load 
changes or unpredictable major disturbances such as 
a three-phase fault, fixed gain conventional PSS can 
not provide the best response in real time. Although 
general parameters can be decided for a conventional 
PSS according to a particular range of operating 
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Figure 2: Simulation model of the drone boat control system 
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Figure 3: The step response of the temperature control system with exponential membership functions and 
means of maximum defuzzification method 
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centroid defuzzification method 
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conditions, the design procedure is very complex. 
For multi-machine systems, individual machines may 
have different requirements of damping torque and 
synchronising torque, and multi-machine multi-mode 
power system stabilisation techniques must be sought. 
These constraints made the design of the conventional 
PSS even more complex. A self-tuning PSS has been 
employed to adapt the stabiliser to maintain good 
dynamic performance over a wide range of operating 
conditions. However, a self-tuning PSS is difficult for 
realisation because it requires parameter identifica-
tion, state observation and feedback gain computa-
tion which are very time consuming. A fuzzy logic 
controller has been designed as a power system sta-
biliser due to its robustness and simplicity [4] . Figure 
8 shows the system configuration of a single-machine 
infinite bus power system. Generator speed deviation 
A.w and acceleration Aw can be observed and have 
been chosen as the input signals of the fuzzy con-
troller. The control variable is the output from the 
fuzzy controller. 

In order to achieve the best performance for the 
proposed fuzzy controller, the membership functions, 
rules or defuzzification method have to be chosen ac-
cording to a performance index. Two aspects of evalu-
ating the power system stabiliser performance are the 
maximum transient deviation and the settling time. 
The performance index J is defined as in equation (3): 

M 

J = L [t~:A.w(k)]2 (3) 
1:=1 

In the above index, the speed deviation A.w(k) is 
weighted by the discrete time t1: = kAT. M in the 
above index stands for the total data number. 

By adjusting the width of the membership func-
tion, the performance of the fuzzy controller can be 
improved. Centroid and means of maximum defuzzi-
fication methods are used for the fuzzy controller and 
the results are also compared by using the above per-
formance index. 

Table 2 shows the performance index correspond-
ing to changes in both input and output membership 
functions WO in response to a 20% step increase in 

Hach i n• and contro l un i t. 

Vb 

INFJNlTB 
BUS 

Figure 8: System configuration of a single-machine 
infinite bus power system 
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WO% 30.95 24.27 18.79 14.29 
J_'fo [Centr01d) 1.05 0.78 0. 75 0.69 
J% ( Means) 1.05 0.78 0.75 0.69 
WO% 13.48 12.72 10.58 7.6 
J'fo Centroid) 0.69 0.69 0. 71 0. 74 
J% (Means) 0.69 0.69 0. 71 0. 74 

Table 2: The performance index corresponding to 
changes in WO (20% step change in mechanical 
torque) 

WO % 30.95 24.27 18.79 14.29 
J % (Centroid) 40.24 40.00 99.48 99.51 
J % (Means) 40.24 99.89 99.99 99.40 
WO% 13.48 12.72 10.58 7.6 
J % (Centr01d) 99.58 99.78 99.77 99.81 
J 'fo (Means) 99.49 99.48 99.51 99.61 

Table 3: The performance index corresponding to 
changes in WO with different defuzzification meth-
ods (three-phase to ground fault) 

mechanical torque T m. When the centroid defuzzifi-
cation method is used, it can be seen that the fuzzy 
controller gives the optimal performance when the 
WO is approximately from 12.72% to 14.29%. The 
same results are obtained with the means of maxi-
mum defuzzification method which are also shown in 
Table 3. 

Table 3 shows the performance index correspond-
ing to changes in both input and output membership 
functions WO in response to a three phase fault at 
point A as shown in Figure 8 sustained for 125 mil-
liseconds. Means in Table 2 and 3 stands for means 
of maximum defuzzification method. 

From Tables 2 and 3 it can be seen that the two 
defuzzification methods give the same results under 
small perturbation and the means of maximum de-
fuzzification method performs better in the case of 
the large disturbance condition. Considering both the 
small and large perturbation, the best WO has been 
chosen as 14.29% and the defuzzification method cho-
sen is means of maximum. 

5.1 Sensitivity to nominal parameter 
variations 

The nominal operating point of the system is consid-
ered with the real power P of 1pu at power factor 
of 0.85 (lagging). The sensitivity test was performed 
by changing the nominal system parameters (inertia 
constant H and the d-axis circuit time constant rdo) 
by ±20%. 

Table 4 shows the performance index correspond-
ing to changes in both input and output membership 
function WO in response to a 20% step increase in 
the mechanical torque Tm with the system parame-
ter changes. It is seen that the WO value chosen is 
insensitive to the system parameter changes. 
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WO % 30.95 24.27 18.79 14.29 
J % H = 1.2s) 1.11 0.70 0.68 0.62 
J % H- 0.8s) 1.01 0.8./ 0.82 0.77 
J % r ,m = 0.414s) 1.26 0.93 0.90 0.81 
J % rdo - 0.276s) 0.87 0.65 0.63 0.58 
WO % 10.58 7.6 5.1 3.2 
J % H -1.2s) O.fi5 0. 71 0.85 2,/.60 
J % H = O.Bs ) 0.78 0.80 0.86 2.18 
J % rdn = 0.414s) 0.8./ 0.89 1.02 3.83 
J % T~n - 0.276s) 0.60 0.62 0.70 6.96 

Table 4: The performance index corresponding to 
changes in WO (with parameter variations) 

oc PO Pl P2 P3 
p (pu) 1 0.5 0 .8 1.2 
pf {lag) 0.85 0.95 0.95 0.95 
oc PS P6 P4 
p (pu) 1.5 1 (0.48pu) 1 (0.32pu) 
pf (lag) 0.95 0.85 0.85 

Table 5: Operating conditions 

5.2 Robustness to operating 
condition variations 

Various operating conditions have been applied in or-
der to test the robustness. Those operating conditions 
(OC) are shown in Table 5, where PO is the nomi-
nal operating condition as used before and PS and 
P6 are operating conditions corresponding to ±20% 
variations in the transmission line inductance. 

Table 6 shows the performance index correspond-
ing to changes in both input and output membership 
function WO's in response to a 20% step increase in 
the mechanical torque T m under different operating 
conditions. It shows that the WO value chosen works 
well under various operating conditions. Similar re-
sults were obtained for the large disturbance condi-
tion, such as a three-phase to ground fault. 

6 Conclusion and 
recommendations to the user 

The simulation results allow us to make the following 
assertions: 

1. The parameter of the whole overlap is good 
for the evaluation of the membership func-
tion width as it compares the width of the 
separate membership function with the uni-
verse of discourse and the number of the 
classes. 

2. Use of narrower membership functions re-
sults in faster response (smaller response 
time). 

3. Larger oscillation, overshoot and settling 
time appear when a narrower membership 
.function is used. 

4. Use of narrower membership functions pro-
duces the system with a lower steady-state 
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WO % 30.95 24.27 18.79 14.29 
J % PO 1.05 0. 78 0.75 0.69 
J~ P1 1.33 1.07 1.0,/ 0.97 
J % P2 0.97 0.73 0.70 0.64 
J % P3 0.96 0.67 0.6,/ 0.58 
J % P4 5.01 2.02 1.92 1.70 
J % PS 1.17 0.87 0.8,/ 0.77 
J~ P6 1.02 0.76 0.73 0.67 
WO % 10.58 7.6 5.1 3.2 
J % (PO 0.71 0.74 0.85 ,/. 70 
J % P1 1.00 1.0,/ 1.1,/ 1.81 
J~ P2 0.66 0.70 0.80 1.72 
J % P3 0.60 0.64 0.75 37.53 
J % P4 1.75 1.86 2.33 96.50 
J % P5 0.79 0.83 0.93 ,/7.62 
J % P6 0.69 0.73 0.83 2.45 

Table 6: Performance index corresponding to changes 
in WO under different operating conditions 

error but with a very narrow function the 
steady state can possibly not be reached at 
all. 

5. The choice of the defuzzificati<iln method 
does not significantly influence the system 
characteristics but the use of the means of 
maximum method causes oscillation to in-
crease slightly and the steady-state error to 
decrease in comparison with the centroid 
method. 

6. noise presence keeps the statements made 
above valid. 

Comparing an action of a fuzzy controller with the 
action of the PID controller, it can be stated that 
when the membership function width is increased 
(WO is decreased), the differential part is increased 
and in the opposite case the integration performance 
of the controller is emphasised. Generally speaking 
in the presence of large disturbances it would better 
use the fuzzy controller with a larger overlap. 

On the base of this analysis the user can be advised: 

• initially choose the width of the membership 
function to provide the WO about 12% to 15%; 

• in order to improve static characteristics (steady-
state error, response time) one has to decrease 
the membership function scope; 

• in order to improve dynamic characteristics (os-
cillation, settling time, overshoot) one has to in-
crease the scope; 

• the use of Gaussian and other special shapes has 
to be investigated if smaller improvements of the 
system quality are desirable; 

• the use of a fuzzy controller with wider member-
ship functions can be recommended in the pres-
ence of large disturbances. 
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